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The plane and axisymmetrical linearized problems of penetration of thin
bodies into & plastic half-space were considered in{1] and[21].

In [3 ] linearized equations of some three-dimensional problems of the
theory of ideal plasticity were considered.

In the present work, a problem of penetration of a thin blade into a
plastic half-space is investigated. An analogy is established between the
linearized theory of ideal plasticity and gas dynamics. This circumstance
permits the utilization of the results obtained in the theory of a wing
of finite span [ 4,5 ] for the determination of the velocity field and
displacements for a problem of penetration of a thin blade into a plastic
hal f-space.

1. Consider a thin symmetrical blade being forced into a half-space
of a rigid-plastic material (Fig. 1). The equation of the surface of a
blade is given:

z = OF (z, y) (1.1)

where 6 is a small dimensionless parameter.

The half-space is determined initially by the inequality x > 0. We
assume that the blade is stationary, and that the half-space moves
vertically along the x-axis with constant velocity. The motion will be
assumed sufficiently slow so that we may neglect small inertia effects.
Denote by o; . the stress components; by € ;; the components of the strain
rate; by u, v, w the velocity components aiong the x-, y- and z-axes,
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respectively.

We seek the solution in the form:

Zz
(1.2)
o ’ o ’ . Q ’
°;j =6; + 60”, e =8&;+ 6eﬁ, u=u°- ou’,
The components with zero superscript correspond to
the state 6 = 0, i.e. when the blade has zero thickness.
Y Let
g z
Pie. 1 o =6 =—2k o=t =1 =1.=0 (1.3)
& u® = const, P=uw"=0

where k is the yield strength of a material.

The problem now is reduced to the determination of the components of
the disturbances. These disturbances will be denoted by primed letters.

Let us assume that the plastic state is fully developed. Thus, we will
have [ 6 ]

Tacy = (o _G"f‘%k)(oy—‘c‘*"%‘k)
vt =(oy—o+2k)(s:—0c+ Zk) (1.4)
rzx_-( :— 0+ 2 k) (6x—0c+ 2 k)

or
TayTye = Tox 0y — 6 + 2 k)
ToxTay = Tyz (6x — 6 + 2 k) (1.5)
Ty Tox = Txy( — 0 + 2 k)

Equalities (1.4) or (1.5) are obtained by elimination of the direc-
tional angles, using general relationships which are generalizations of
the known relationships of M. Levy for the plane state of strain.

We note that (1.4) and (1.5) are equivalent. However, for the linear-
ization both are used, since these relationships are squared.

Substituting (1.2) in (1.4) and (1.5), and taking into account (1.3),
we obtain

6y =06y =06, =0, Ty =0 (1.6)
Setting ,  oU , U , oU .
3:‘%-, Txy:“‘"@‘, Txl.::_w (1')
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we obtain from the equilibrium conditions

#U | AU, o
— Gt o =0 (19
Consider now the relationship for the strain rates. We shall write

down the basic relationship in the form [7 ]

e.t+e,+8 =90 1.9
s,—6+%sk s, —6+%sk oy— o+ sk
Ex +3xu'L,r—‘—“‘+3xz_z‘“,;‘“‘—‘=exu“LTr‘_“_+8y+
xy x2z xy
s,—c+ ¥k 6, — -+ 2k S~ o2k
-+ &yz z = By ng-—‘""“—-——u + 8,
Tvz 1xz 1311

Linearizing (1.9) we obtain

e +¢e/ +¢e' =0, &xy =8z =0 (1.10y,
Tt follows that
ou’ v’ ow’ ou’ dv’ fu’ ow’
w T ta=0 FHtau=0 ZHt7F=0 11
Setting
W W
b= 9z’ T ay ! W=7
we obtain

*Ww W | W

ox? oy 22

=0 (1.12)

In the following we shall consider the kinetics of the phenomena
occurring during the penetration of a blade. The normal to the surface
of a blade is

a AT n:@%i—{_é%j—k (1.13)
NS
7 7 where 1, j, k are th? coordinate unit vectors.
5 z The velocity vector is
s v = (u, + 0u’)i+ 82’} dw'k (1.14)
On the surface of the blade the velocities

y- Y are tangential to the blade, therefore

Fig. 2. (vn)=a(uo+5u')%§-+w%§.—aw' =0 (1.15)
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Linearizing (1.15) we obtain
w’=u0%—F for z=0,0on §
¢

or
oW oF 5 ,
5;:”07; for ZZO, on S (116)

where S is the projection of the blade area on the xy-plane.

Figure 2 represents the penetration of a blade in the xy-plane {(z=0).
Two cases may occur: (a) when the disturbances in the xy-plane do not
extend beyond the region S; (b) when these disturbances extend beyond S.

The first case is realized for
— Fy [ Fe <1 (1.17)

The second case is realized for

— b, F.>1

In the second case we have to consider the conditions in the disturbed
zone in the xy-plane outside of S. From the symmetry in this zone it

(1.18)

follows that
W(Z, Y, _'Z):_VV(x’ Y, Z)

Thus, in the disturbed zone in the xy-plane we have
W =0 for z=0, outside of S (1.19)

For the determination of the bulging surface it is sufficient to know
Indeed, let us assume that the penetration

the velocity profile u”.
depth is h. The equation of the bulging surface is obtained as

x—h=2080D(y, z) (1.20)

The points on the surface of a half-space will be displaced by an
amount &s_’, &s_’, 8s_’. The point with the coordinates h + 8s_*, 8s 7,
2 . . X Yy
e, on the surface of the bulging material. We

(1.21)

532'-must be, tﬁerefor

have

sy’ =@y - dsy', 24 0s,)

Linearizing (1.21) we obtain
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sy’ =Dy, z) (1.22)

The quantity 8s,” represents the displacement of points of the surface
along the x-axis.

In the theory of ideally plastic bodies the velocities derived from
the basic relations are determined within a multiplicative constant. The
true velocities of the disturbance along the x-axis are dA,”. Consequent-

ly N
s = Xgu’dx (1.23)
]

The quantity A is found by equating the bulged volume of the material
to the volume of that portion of the blade which penetrated into the
body:

h

kggu a’xdydz—-&ﬁ(x y)da dy (1.24)

where % is the region of the determination of u” for x = h.

From (1.22) and (1.24) we obtain

®(y, z):(i ’dm)SF(a y)dxdy/ §Sudmd}dz (1.25)

S

2. Consider the first case (Fig. 2a). We write a solution in the form
of a potential

(2.1)

: 2= B0 {98 gt dn
Wy =g é Ve

where ¢ is a portion of the xy-plane formed by its intersection with the
characteristic cone with vertex at a point
x, ¥, Z. P |2 5,

Note that the velocity potential is !
completely determined by the boundary con-
ditions, which are independent of time,

Thus, the velocity field is in a steady Ay A
state. It is also clear that on the bound- g 7
ary between plastic and rigid regions we
have u’ = v"-= v’ = 0. The expression u’ Fiz. 3
is found from (2.1): g 2
. u @ [ OF dE dn o
“ ‘“T?”—S % Y- —y—nP—2 (2:2)

q
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Consider now the second case (Fig. 2b). We utilize again (2.1). Out-
side of the blade, however, i.e. in the region g, (Fig. 3), the function
dF/dx must be zero. One circumstance has to be underlined. The anal ogy
between the linearized relationships in gas dynamics and the theory of
ideally plastic bodies is essentially complete, in spite of the fact that
the basic relations in these two cases are completely different. In the
first case reference is made to the irrotational flow of an ideal com-
pressive gas and in the second to the flow (without shear along two com-
ponents) of an incompressible ideally plastic material.
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