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The plane and axisymmetrical linearized problems of penetration of thin 
bodies into a plastic half-space were considered in [ 1 1 and [ 2 I. 

In [ 3 1 linearized equations of some three-dimensional problems of the 
theory of ideal plasticity were considered. 

In the present work, a problem of penetration of a thin blade into a 
plastic half-space is investigated. AII analogy is established between the 
linearized theory of ideal plasticity and gas dynamics. This circumstance 
permits the utilization of the results obtained in the theory of a wing 
of finite span [ 4,5 1 for the determination of the velocity field and 
displacements for a problem of penetration of a thin blade into a plastic 
half-space. 

1. Consider a thin symmetrical blade being forced into a half-space 
of a rigid-plastic material (Fig. 1). ‘lhe equation of the surface of a 
blade is given: 

2 = 6F(z, y) (1.1) 

where 6 is a small dimensionless parameter. 

‘lhe half-space is determined initially by the inequality x 3 0. We 
assume that the blade is stationary, and that the half-space moves 
vertically along the x-axis with constant velocity. ‘lhe motion will be 
assumed sufficiently slow so that we may neglect small inertia effects. 
Denote by oij the stress components; by c . . the components of the strain 
rate; by u, v, w the velocity components a ong the x-, y- and z-axes, ‘i 
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respectively. 

We seek the solution in the form: 

eij = eig + de,;, 
(l-2) 

u = u” + hi, . . . 

‘Ibe components with zero superscript correspond to 
the state 6 = 0, i.e. when the blade has zero thickness. 

Let 
0 Z 

?I0 
=a0 

z 
= - 2k, 

Fig. 1. 
ax0 = zx; = zu; = zz; = 0 (1.3) 

u” = const, vo = wo = 0 

where k is the yield strength of a material. 

lbe problem now is reduced to the determination of the components of 
the disturbances. these disturbances will be denoted by primed letters. 

Let us assume that the plastic state is fully developed. Thus, we will 
have [ 6 1 

or 

(1.4) 

Equalities (1.4) or (1.5) are obtained by elimination of the direc- 
tional angles, using general relationships which are generalizations of 
the known relationships of M. Levy for the plane state of strain. 

We note that (1.4) and (1.5) are equivalent. However, for the linear- 
ization both are used, since these relationships are squared. 

Substituting (1.2) in (1.4) and (1.5)) and taking into account (1.3), 
we obtain 

Setting au 
5’ = z ) rxy’ = 

au au -_ ay , zxz’ zzz - aZ (1.7) 
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we obtain from the equilibrium conditions 

a& _L aw ) aw 
--7---, 

dX% ay2 + azr = 0 (3 

Consider now the relationship for the strain rates. We shall write 
down the basic relationship in the form [ 7 1 

ax + sy + sz = 0 (1.9) 

+ euz 
a,---a-l-=lsk 

*uz 
I=:8 

Gx---a+%ik au--c;+%k 
xz z + %z- 7 

$ &* 
xz 282 

Linearizing (1.9) we obtain 

e,’ + ey’ f e,’ = 0, exy’ = e,.’ = 0 

It follows that 

~+E+~~=o, E&+aC+) 

Setting 

we obtain 

(l.lO), 

(1.11) 

(1.12) 

In the following we shall consider the kinetics of the phenomena 
occurring during the penetration-of a blade. lbe normal to the surface 
of a blade is 

~~ 

n=6gi+8$$j-k (1.13) 

0 Y 
where i, j, k are the coordinate unit vectors. 

6 P 
The velocity vector is 

v = (u, + 6~‘) i + 6r’j + dw’k (1.14) 

On the surface of the blade the velocities 
are tangential to the blade, therefore 

Fig. 2. (vn) = 6 (UO + csu’) g + 8%’ g - 6zu’ = 0 (1.15) 
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Linearizing (1.15) we obtain 

I dF 
w =u()-&- for 2 = 0, on S 

or 

8Y 
-_=u E_ 
az 0 ax for z = 0, on S (1.16) 

where S is the projection of the blade area on the xy-plane. 

Figure 2 represents the penetration of a blade in the xy-plane (z= 0). 
Two cases may occur: (a) when the disturbances in the xy-plane do not 
extend beyond the region S; (b) when these disturbances extend beyond S. 

The first case is realized for 

-Fr;;/F,\<l (1.17) 

Ihe second case is realized for 

--P,JF,>1 (1.18) 

In the second case we have to consider the conditions in the disturbed 
zone in the xy-plane outside of S. From the synznetry in this zone it 
follows that 

W (“, y, - z) = - w (r, Y, z) 

Thus ) in the disturbed zone in the xy-plane we have 

w = 0 for z = 0, outside of S (1.19) 

For the determination of the bulging surface it is sufficient to know 
the velocity profile u’; Indeed, let us assume that the penetration 
depth is h. The equation of the bulging surface is obtained as 

z-h = &D((y, 2) (1.20) 

The points on the surface of a half-space will be displaced by an 
amount ~3s~‘; 6s ‘; 
6s ‘. 

13s~” ‘Ihe point with the coordinates h + 8~~‘; 8.~~‘; 

ha$e 
must be, t erefore, I on the surface of the bulging material. We 

SX ’ = CD (y _1- dsy’, 2 + Ss,‘) (1.X) 

Linearizing (1.21) we obtain 
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The quantity 8.9%’ represents the displacement of points of the surface 

along the x-axis. 

In the theory of ideally plastic bodies the velocities derived from 
the basic relations are determined within a multiplicative constant. The 
true velocities of the disturbance along the x-axis are 6Xs’. Gnsequent- 

lY 
h 

sx’ = h u’dx s 
0 

‘Ihe quantity X is found by equating the bulged volume of 
to the volume of that portion of the blade which penetrated 
body : 

(1.23) 

the material 
into the 

(1.24) 

where I: is the region of the determination of ~1’ for x = h. 

From (1.22) and (1.241 we obtain 

h I )L_ 

2. Consider the first case (Fig. 2a). We write a solution in the form 
of a potential 

where q is a portion of the xy-plane formed by its intersection with the 

characteristic cone with vertex at a point 

x, y, z. 

Note that the velocity potential is 
completely determined by the boundary con- 
ditions, which are independent of time. 
Thus, the velocity field is in a steady 
state. It is also clear that on the bound- 
ary between plastic and rigid regions we 
have u’ = v*. = 78’. = 0. The expression u* 
is found from (2.1): 

Fig. 3. 

u’ S uo a 
s 

8F dE drl -7 - 
n ox 

9 

ax 1/(x-~)2_(y_q)2_~~ 
(2.2) 
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Consider now the second case (Fig. 2b). We utilize again (2.1). Out- 
side of the blade, however, i.e. in the region q2 (Fig. 31, the function 
dF/dn must be zero. One circumstance has to be underlined. 'ibe analogy 
between the linearized relationships in gas dynamics and the theory of 
ideally plastic bodies is essentially complete, in spite of the fact that 
the basic relations in these two casus are completely different, In the 
first case reference is made to the irrotational flow of an ideal com- 
pressive gas and in the second to the flow (without shear along two com- 
ponents) of an incompressible ideally plastic material. 
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